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Abstract-We generalize the thermoelastic constitutive model of Abeyaratne and Knowles (1993,
J. Mech. Phys. Solids 41,541-571), and Abeyaratne et al. (1994, Int. J. Solids Structures 31, 2229­
2249) so as to qualitatively model a variety of phenomena exhibited by shape-memory alloys in
cyclic loading. The internal variable that is added to the model is meant to capture the idea that
defects are precipitated during transformation and that these defects tend to make the nucleation
of martensite easier. © 1997 Elsevier Science Ltd.

1. INTRODUCTION

Shape-memory alloys can respond to cyclic loading in interesting ways. e.g. under tensile
loading, the stress-elongation hysteresis loop that is characteristic of the pseudoelastic
behaviour of these materials drifts downwards with increasing load cycles and eventually
settles onto a limiting loop (e.g. Miyazaki et al., 1986a; Kawaguchi et ai., 1991; Lin et ai.,
1994; Tobushi et ai., 1991). On the other hand, when the loading involves both tension
and compression, Lieberman et al. (1975), observed in Au-Cd that the response starts out
involving two separate hysteresis loops that are joined to each other by a reversible branch,
but that after a sufficiently large number of cycles, these two loops coalesce into one. A
hysteresis loop with a staircase-like structure has been observed by Kyriakides and Shaw
(1995) in cyclic experiments in which the amplitude of the applied elongation was increased
from one cycle to the next. Perhaps the most striking consequence of cyclic loading is the
so-called two-way shape-memory effect: when a virgin specimen of austenite is subjected
to thermal cycling, it exhibits the usual (small) length change associated with thermal
expansion and contraction. However, if such a specimen is first subjected to mechanical
cycling in tension, subsequent (stress-free) thermal cycling exhibits significant length
changes, an extension associated with cooling and a contraction associated with heating
[see e.g. Perkins and Sponholz (1984)].

A number of constitutive models for describing the response of shape-memory alloys
have been proposed (e.g. Abeyaratne and Knowles, 1993; Abeyaratne et ai., 1994; Brinson
and Lammering, 1993; Falk, 1980; Graesser and Cozzarelli, 1994; Muller and Wilmansky,
1981; Muller and Xu, 1991; Ortin, 1992; Raniecki et ai., 1992, etc). None of these models
is able to capture all of the aforementioned phenomena associated with cyclic loading.

The principal microstructural reasons for these characteristics is the generation of
defects [see Melton and Mercier (1979); Perkins and Sponholz (1984); Miyazaki et ai.
(1986a, b)]. During thermomechanical cycling, austenite-martensite phase boundaries tra­
vel back and forth through the specimen. Since the crystallographic lattices do not match
perfectly across such an interface, microstructural defects such as dislocations are associated
with the propagating front and are left behind in the transformed material.

A continuum model which does take this observation into account and which was
proposed specifically in order to describe the cyclic behavior of shape-memory alloys, is the
one of Tanaka et ai. (1992; 1993). They took the point of view that the defects generated
by the moving austenite-martensite interface lead to the accumulation of microscopic
residual stress and strain fields in the alloy. Accordingly, they introduced three internal
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variables into their stress-strain relation, two of which describe the microscopic residual
stress and strain, and the third characterizing the volume fraction of the residual martensite.

In this paper we present a different model, which we construct by slightly generalizing
the aforementioned model of Abeyaratne and Knowles (1993) and Abeyaratne et at. (1994).
The key difference between our model and that of Tanaka et al. (1992; 1993) is that we
take an energetic point of view. As mentioned above, the defects generated in a particular
loading cycle "stabilizes martensite", i.e. the transformation to martensite becomes easier
in each subsequent loading cycle, while the transformation out of martensite progressively
becomes more difficult. From an energetic point of view, one can model this in one of two
ways: either, by letting the height between the martensitic and austenitic energy wells
depend on the defect density in such a way that martensite becomes intrinsically more
stable (Kim and Abeyaratne, 1995); or, by allowing the energy barriers between austenite
and martensite to be effectively changed by the defects in such a way that the nucleation
and kinetics of the transformation process favors martensite. Here, we adopt this second
point of view. We introduce an internal variable into the model of Abeyaratne et at. (1994)
which affects the nucleation level of the thermodynamic driving force and the kinetics, but
not the stress-strain-temperature relation. An attractive feature of the present model is
that we are able to simulate both mechanical and thermal cycling, and in particular, to
simulate all of the phenomena described in the first paragraph of this section.

2. CONSTITUTIVE MODEL

In this section we will briefly review the constitutive model studied by Abeyaratne et
at. (1994). This model for thermoelastic phase transformations was designed to be as simple
as possible, while at the same time explicitly building upon the fact that the essential
underlying mechanism is the transition of the material from one energy well to another.
The model incorporates the multiple-well structure of the free energy function and includes
explicitly a kinetic rule that characterizes the rate of transition from one energy well to
another, as well as a nucleation rule signalling the commencement of the transformation
process.

2.1. Helmholtz free-energy
The Helmholtz free-energy function l/J(y, B), where y is strain and B is temperature,

constructed in Abeyaratne et at. (1994) was designed to describe a material which can exist
in an austenitic phase A and a martensitic phase with two variants M+ and M-. At high
temperatures, l/J(-, B) has a single minimum corresponding to austenite; for a range of
intermediate temperatures it has three local minima corresponding to austenite and the two
martensitic variants; and at low temperatures it has two local minima associated with the
martensitic variants. The two martensitic energy wells (local minima) were arranged to
have the same height at all temperatures since they corresponded to variants of a single
phase. At the transformation temperature BT all three energy wells have the same height;
the austenitic energy well is lower than the martensitic wells for B> BT , while the martensitic
wells are lower for B < BT . Specifically:

(ji/2)y2 - j1!xy(B - BT)+pcB(1-10g(B/BT» for A,

(ji/2)(y - YT)2 - jia(y - YT )(B - BT)+pcB(1-log(B/BT»
pl/J= -PAT(1-B/BT) forM+, (1)

(ji/2)(y +YT)2 - jia(y +YT )(B - BT) +pcB(1-log(B/BT»
-PAT(1-B/BT) forM-.

We refer the reader to Abeyaratne et at. (1994) for a more complete description, including
a characterization of the specific regions of the Y, B-plane on which each of these three
expressions for l/J hold. Two subsequent figures in the present paper make reference to
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temperature levels 8M and 8m ; the former is the highest temperature that we consider,
whereas the latter is the temperature below which austenite does not exist.

The material constants involved in eqn (1) are the elastic modulus J,l, the specific heat
at constant strain c and the coefficient of thermal expansion CI., each of which has been
assumed for simplicity to have the same value for all three phases; the mass density p in
the reference state; the transformation temperature 8T ; the latent heat AT at the temperature
8T ; and the transformation strain YT > O.

Terminology: for simplicity, we sometimes speak of "three phases" rather than "one
phase and two variants" ; similarly we shall use the term "phase boundary" generically to
refer to both an interface between two phases and to an interface between two variants.

The various other thermo-mechanical characteristics of the material can be derived
from eqn (1). In particular, the relation between stress, strain and temperature is given by

j
J,lY- J,l1Y.(8-8T) for A,

(J = 8("1,8) = pljJy(y,8) = J,l('r-YT)-J,l1Y.(8-8T) for M+,

J,l(Y+YT)-/l1Y.(8-8T) for M-.

(2)

Graphs of &("1,8) versus "I at two fixed temperatures are shown in Fig. 1: Fig. lea) cor­
responds to a fixed value of temperature at which all three phases exist, and the stress­
strain curve shows three rising branches corresponding to A, M+ and M-; Fig. l(b) is

,
I'I ,

I '
I "I ,
I '4

y

y

I"
1 ,

I '
I "I ,

I '
I' ~(9)
I , 4
(9) , I

1 , I

" I, I

" :
" I, I,

cr

(a) 9 < 9 < 9
m M

(b) O<9<9
m

Fig. 1. Stress-strain curves at constant temperature II.



3276 R. Abeyaratne and S.-J. Kim

associated with a lower value of temperature, one at which only martensite exists, as
indicated by the two rising branches of the stress-strain curve.

Next, consider the relative stability of these three phases. Suppose that at some given
stress and temperature, a particle has a choice of which phase it can be in. From among
the possibilities, one speaks of the phase with the smallest value of Gibbs free energy
9 = pljJ - ay as the stable phase. An explicit expression for 9 for each phase can be calculated
using eqns (I) and (2) leading to

9 = - 2~ [a+ fla:(O-OTW +PCo[1- log (~)J for A,

9 = - L[a+fla:(O-OTW +Pco[I-log (~)J-PAT(l- ~)-aYT for M+,

g= -;fl[a+fla:(O-OTW+PCO[I-IOg(~)J-PAT(l-~)+aYTforM-. (3)

By comparing these values of9 with each other, it follows that for 0 > 0T, austenite is stable
if

M+ martensite is stable if

and M- martensite is stable if

where we have set

a> ao(O),

(4)

(5)

(6)

(7)

On the other hand, for 0 < 0T, one finds that M+ martensite is stable ifa is positive whereas
M- is stable if a < O. Figure 2 displays the domains of the (0, a)-plane characterized by
eqns (4)-(6) on which the different phases are stable. The boundaries between these regions,
the so-called "Maxwell-lines", are given by a = 0 and a = ± ao(O). Observe from the
figure that at temperatures below the transformation temperature OT, M- is stable under
compressive stress while M+ is stable under tensile stress. Observe also that at a fixed stress,
austenite becomes stable if the temperature is sufficiently high.

2.2. Nucleation criterion
Abeyaratne et ai. (1994) supposed that nucleation is based on a critical value of driving

force. More specifically, they assumed that a new phase ("product phase") is nucleated
within a single phase state ("parent phase") when the resulting decrease in Gibbs free­
en~rgy reaches a critical value:

gparent - gproduct = ler. (8)

For simplicity of the present discussion, we shall take the nucleation leveller to be the same
for transitions from any parent phase (A, M+ or M-) to any other product phase (A, M+
or M-). It will sometimes be more convenient in what follows to work with the stress-level
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Fig. 2. The stable phases.
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(9)

the inequality in eqn (9) follows the thermodynamic requirement that gparent cannot be less
than gproduet.

For each transformation, the value of the Gibbs free-energies gparent and gproduet of each
phase can be obtained from eqn (3). This, together with eqns (8) and (9), yields the following
explicit nucleation conditions:

a = a er +aa(8) forA----+M+,

a = - aer +aa(8) forM+ ----+A,

a = - a er - aa(8) for A ----+ M-,

a = acr - aa(8) for M- ----+A,
(10)

a = -acr /2 for M+ ----+ M-,

a = aer /2 for M- ----+M+.

The nucleation conditions, eqn (10), can be described by three pairs of straight lines in the
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(B, a)-plane. Each pair is parallel to, and lies on either side of, the corresponding stability
boundary shown in Fig. 2. Iffer = 0, or equivalently O'er = 0, the nucleation lines coincide
with the stability boundaries.

If a specimen of austenite is cooled under stress-free conditions, martensite is nucleated
at the so-called "martensite-start" temperature denoted by Ms. Similarly the "austenite­
start" temperature As denotes the temperature at which austenite is nucleated in stress-free
martensite when it is heated. These temperatures can be found by setting 0' = 0, B = Ms in
eqn (lOa) and 0' = 0, B = As in eqn (lOb)

M = B [1- aerYTJ As = BT[l + aper,YTTJ.
s T P)'T' /I.

(11)

It is worth noting that upon using eqns (7) and (II), the first four nucleation conditions in
eqn (10) can be written in the alternative form

for A -+M±,}

for M± -+ A.

2.3. Kinetic relation
Finally, consider the kinetic relation which characterizes the rate at which the trans­

formation progresses once it has nucleated. Consider a bar composed of the material at
hand, which has a phase boundary at some location x = set). In general, the kinetic law is
a relation between the propagation velocity S of the phase boundary, the driving force/on
that phase boundary and the local temperature B: oS = ¢(f, 0). In the present paper we
explore the special case of such a relation

1

~o fori = -fe"
S = 0 for -~r <I<fe"

~O fori-fer.

(12)

Here the material constant fer = aerYT is the nucleation level of driving force introduced
earlier. According to this kinetic model, a phase boundary cannot propagate if the driving
force lies in the range -fer < I < fer; when the phase boundary propagates to the right one
hasl = fer (and I = -fer when the phase boundary propagates to the left). Such a "friction­
like" kinetic relation can be associated with a certain notion of maximum dissipation and
is reminiscent of elastic~perfectlyplastic behavior.

In order to utilize the above kinetic relation, one must calculate explicit expressions
for the driving force I on an interface separating two phases. Since, in the present setting,
the driving force equals the difference in the Gibbs free-energy across that interface, one
can calculate I on all possible interfaces using eqn (3), leading to

1= [0' - 0'0 (B)]YT

1= - [0'- 0'0 (O)]YT

1= [0' + 0'0 (B)]YT

1= - [0'+ 0'0 (B)]YT

1= 2aYT

1= -2aYT

for a M + IA interface,

for an AIM + interface,

for an AIM- interface,

for a M - IA interface,

fora M+ IM- interface,

fora M- IM+ interface,

(13)

where by an "IIJ-interface" we mean a phase boundary which has phase-Ion its left and
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phase-] on its right, and the driving force is defined as the value of 9 on the right-hand side
of the interface minus its value on the left:f = gJ-g/. Note that if an II] phase boundary
propagates to the right, it transforms material from phase] to phase I, so that] is then the
parent phase while I is the product phase. The converse is true if it propagates to the left.

3. EFFECT OF DEFECTS ON CONSTITUTIVE MODEL

We now generalize the constitutive model described in the preceding section so as to
be able to describe cyclic phenomena. Of the three ingredients in that model, we shall
modify the description of nucleation and kinetics, but leave eqn (1), the energy wells of the
Helmholtz free-energy function, unchanged.

In the model of Abeyaratne et al. (1994) the nucleation level of driving force fcr was
assumed to be constant. However, due to the lack of perfect geometric compatibility across
an austenite-martensite interface, a propagating phase boundary that transforms austenite
into martensite often generates lattice defects such as dislocations. The defects that are thus
generated remain dispersed throughout the transformed region and playa critical role in
making subsequent transformations to martensite easier. The reverse transformation from
martensite to austenite does not remove the defects generated by the forward transformation
nor does it generate any additional defects [see Miyazaki et al. (1986a)].

It is natural to suppose that the defects that are left behind act as local stress con­
centrators which favor the formation of martensite. Consequently, the critical value of
driving force required for nucleating and propagating the various transformations would
be affected by the defect density (~ the number of loading cycles).

Let x denote the Lagrangian coordinate of a particle in the reference configuration.
Let ~(x, t) and n(x, t) be the number of times that this particle has undergone the respective
transitions A ~ M+ and A ~ M- in its entire past history up to time t. Then, the driving
force gparent - gproduet required for transformation in the next loading cycle will be related to
its original value fcr in the following way: since the transformation from austenite to
martensite becomes easier with cycling, the nucleation level of driving force for the A ~
M+ transition must decrease monotonically as ~ increases and similarly that for the A ~
M- transition must decrease as ii increases; likewise, since the reverse transition from
martensite to austenite becomes more difficult, the nucleation level of driving force for the
M+ ~ A and M- ~ A transitions must be increased. Finally, since the defects generated
by the ~ prior transformations from A ~ M+ lead to a favoring of M+ martensite, while
the nprior transformations from A ~ M- favor M- martensite, we would expect that the
nucleation level of the driving force for the M+ ~ M- transition is reduced if n> ~ and is
increased if n< ~. A similar statement for the reverse M- ~ M+ transition can be made.

In order to quantify this, let L(n) be any monotonically increasing function with
L(O) = 0 and L(00) finite. Then, one set of nucleation criteria which is consistent with the
above qualitative description is the following: a transformation from a parent phase
(A, M+, M-) to a product phase (A, M+, M-) occurs when

fcr +YTL(n) for M- ~ A,

- +
fcr+}'r[L(n) -L(n)] for M- ~ M+,

+ -
fcr+YT[L(n)-L(n)] for M+ ~ M-;

gparent - gproduet = Fer =

+
fcr-YTL(n)

fcr-}'rL(n)

+
fcr+YTL(n)

for A ~M+,

forA~M-,

forM+~A,

(14)

herefcr > 0 is constant, as before. This is our generalization of the nucleation criterion, eqn
(8). For thermodynamically admissible nucleation, one must have Fer ~ 0; it follows,
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recalling the properties of L(n) described above, that

(Jer ;:, L( ex) (15)

where (Jer = fer/YT'
Proceeding as before, for each transformation, the values of the Gibbs free-energies

gparent and gproduet of each phase can be taken from eqn (3). Using this information in the
nucleation criteria, eqn (14), one obtains

+ for A ~M+,(J = (Jer+(Jo(8)-L(n)

+ for M+ ~A,(J = -(Jer+(Jo(8)-L(n)

(J = -(Jer-(Jo(8)+L(n) forA ~M-,

(J = (Jer-(Jo(8)+L(n) forM-~A, (16)
- +

(Jer L(n) -L(n)
forM+ ~M-,(J= --+

2 2
- +

(Jer L(n) -L(n)
forM- ~M+,(J =-+

2 2

where we have also used eqn (9). Equation (16) is the generalized version ofeqn (10).
For fixed values of the number ofload cycles ~ and n, the nucleation criteria, eqn (16)

may be described in the 8, (J-plane by three pairs of straight lines (Fig. 3). A thermo­
mechanical loading process (8(t), (J(t», to ~ t ~ t l , corresponds to an oriented curve in this
plane and the material undergoes a particular transformation whenever this curve crosses
the associated nucleation line in the direction of the arrows in Fig. 3. When the material is
subjected to a cyclic loading history, ~ and/or nincrease, and so the nucleation lines drift
in the 8, (J-plane; since L(n) is a monotonically increasing function, they in fact translate
in a definite direction as the number ofload cycles increase. Figure 4 shows these nucleation
lines for three different values of (~, n). For example, it follows from eqn (16a, b) that
when ~ increases, the nucleation lines associated with the A ~ M+ transitions translate
rigidly to the right; thus, the nucleation stress levels at a fixed temperature for both the
A ~ M+ and M+ ~ A transformations are decreased (Fig. 4); on the other hand, it is seen
that the nucleation temperature levels at fixed stress are increased.

Next, consider the effect of the defects on the kinetic relation which governs the
propagation of a phase boundary. Based on the observations above, the natural gen­
eralization of the kinetic law, eqn (12) of the original model is

1

~o forj= -Fen

S = 0 for - Fer < j < Fen

;:'0 forj=Fm

(17)

where we have simply replaced fer in eqn (12) by the current nucleation level of driving
force, Fer; eqn (14).

Finally, we turn to the constitutive function L(n). We emphasize at the outset that the
analysis in this paper requires only that L(O) = 0, that LC) be monotonically increasing
and that L( (0) be finite. The specific form discussed below is presented solely for illustrative
purposes and to make connection with experiments. Perkins and Sponholz (1984), Miyazaki
et al. (1986a), Kyriakides and Shaw (1995), and others have carried out tensile (i.e. A ~
M+) cyclic loading experiments on shape-memory alloys. They found that the stress­
elongation hysteresis loop drifts downwards with cycling, so that the stress levels associated
with both the forward and reverse transformation decrease correspondingly. The amount
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Fig. 3. Nucleation criteria.
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(a) it = Ii = 0 (b) 1'. = ii. > 0

Fig. 4. Nucleation criteria~threecases.

(c) 'Ii > O. ii = 0

of this decrement was found to decrease exponentially with the number of cycles and the
transformation-stress levels eventually converge to certain limiting values. Since, according
to eqn (l6a, b) the decrement in stress level due to cycling between A and M+ is I:(~), this
suggests that we take
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(18)

where the material constants Lmax and no are both positive, and Lmax ~ (Jcr by eqn (15).
A constitutive function of the form (18) was previously considered by Tanaka et al.

(1992; 1993) in their studies of cyclic loading, but they introduced such a term into the
stress-strain relation (and therefore implicitly into the free-energy). Note that the term L
does not enter our stress-strain-temperature relation, eqn (2). The way in which we
introduce k allows us to simulate, among other things, the two-way shape memory effect.

4. RESULTS AND DISCUSSION

We now use the constitutive model described in Section 3 to calculate the uniaxial
response of a bar subjected to various cyclic mechanical and thermal loadings.

Since we will only consider a uniform bar here, the stress field is necessarily spatially
uniform. Thus, there is no preferred site for nucleation. If the bar had a uniformly tapered
cross section with its left-hand end having the smallest area, nucleation would necessarily
occur as follows: suppose that the bar consists entirely of a certain phase. Then, if a higher­
strain phase nucleates, it would do so at the left end of the bar, whereas if a lower-strain
phase nucleates this would occur at the right end. Thus, for example if the bar consists
entirely of M+, then austenite would nucleate at the right end, whereas if it consisted wholly
of M-, austenite would nucleate at the left end. In the uniform bar that we consider here,
we shall (arbitrarily) take the nucleation sites to be given by this same rule.

(i) Consider an austenitic bar of length L which has never undergone a previous phase
transformation; thus initially, ~ = Ii = O. The bar is held at a fixed temperature e> As
[Fig. 4(a)] and is subjected to a prescribed cyclic extension aCt). According to our model,
the stress-elongation response during the nth-loading cycle is as follows: when the bar
consists entirely of austenite, eqn (2a) gives

(19)

byeqns (16a) and (17), the transformation from A --+ M+ occurs at the constant stress

(20)

when the bar consists entirely of martensite, eqn (2b) gives

(21)

and, according to eqns (16a) and (17), the reverse transformation from M+ --+ A occurs at

(22)

The term L(n) increases monotonically from L(O) = 0 to L(co) as the number of cycles n
increases. Equations (20) and (22) describe the upper and lower plateaus of the hysteresis
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1st cycle
2nd cycle
3rdcycle
4th cycle

-----------------,------------=--= -~

L--------------O
(a) Tensile cyclic loading: hysteresis loop drifts downwards.

, - --- - - -':..~---

~-----------------

(b) Compressive cyclic loading: hysteressis loop drifts upwards.

Fig. 5. Stress-elongation hysteresis loops.

cr
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loop shown in Fig. 5(a). They drift downwards as n increases (in such a way that the height
of the hysteresis loop does not change). The extent of this shift in each cycle gets smaller
with increasing n. Figure 5(a) shows the stress--elongation hysteresis loops for the first four
cycles of such a loading program. A response similar to this has been observed in exper­
iments, e.g. Miyazaki et at. (1986a), Kawaguchi et at. (1991), Lin et at. (1994), Tobushi et
at. (1991), and Kyriakides and Shaw (1995).

It should be noted that under certain conditions the lower plateau of this hysteresis
loop may reach the horizontal axis after a certain number of cycles. If this happens,
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---- 1st cycle
·---···2ndcycle
••••••••••• 3rd cycle

4th cycle

Fig. 6. Cyclic loading with loading amplitude increasing from one cycle to the next.

subsequent load cycles simply involve the deformation of pure martensite. From eqns
(7) and (22), it is seen that this will happen only if the test temperature e is less than
eT[1 + YT(O'cr+ L(oo))/(pAT)]. In this case, the number of cycles N after which austenite is
not recovered upon unloading is given by the root of the equation
e= eT[l +YT(O'cr+L(N))/(pAT)]. If e exceeds this value, the hysteresis loop retains the
general characteristics shown in Fig. 5(a) for all cycles and eventually converges to the loop
described by eqns (19)-(22) with L(n) replaced by L( (0). [One can also understand these
two cases in terms of Fig. 4: as the number of tensile cycles increase, the pair of nucleation
lines associated with the transitions A +4 M+ translate to the right. In particular, the point
at which the M+ ---'> A nucleation line in Fig. 4(c) intersects the temperature axis also moves
to the right and eventually settles at a certain location when n ---'> 00. The condition on e
stated above which distinguishes these two cases is precisely that for which the point (e,O)
lies to the left or the right of this limiting point.]

Figure 5(b) shows the analogous stress--elongation loops during compressive loading
cycles. In this case the hysteresis loop shifts upwards with increasing load cycles.

(ii) Figure 6 shows the stress--elongation response of an austenitic bar that is subjected
to a cyclic extension whose amplitude increases progressively. Experimental observations
in such a test, resulting in a similar staircase response, have been reported by Kyriakides
and Shaw (1995). The amplitude is moderately large; large enough to nucleate the A ---'>

M+ transition but not so large as to carry out the transformation to completion. Thus, in
each cycle the specimen transforms from austenite to martensite over some length of the
bar and the extent of the bar that undergoes this transition increases from one cycle to the
next. During the first cycle, a phase boundary nucleates at the left end of the bar, propagates
some distance L 1 ( < L) along the bar and then retracts back to the left end. In the second
cycle, the phase boundary propagates a greater distance L 2 along the bar (L 1 < L 2 < L)
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before reversing its direction, etc. Figure 6 shows the response of this bar as calculated
from our model. The hysteresis loop shows a "staircase" effect due to the fact that different
pieces of the bar have undergone different transformation histories.

Consider, for example the loading portion of the third cycle. In view of its past history,
the segment (0, L,) has previously undergone the A -> M+ transformation twice, and there­
fore, for these particles ~ = 2; the a~acent segment (Lj, L 2) has undergone this trans­
formation once previously, and so here n = I; the rest of the bar (L2, L) has never undergone
the austenite-martensite transformation and so here ~ = o. Thus, byeqns (16a) and (17),
the stress level during the loading portion of the third cycle is

(23)

when the phase boundary is propagating through the segment (0, L,) of the bar; it is

(24)

when the phase boundary is propagating through the next segment (L\, L 2) of the bar; and
is given by

(25)

when it is propagating through the rest of the bar. The values of L, and L 2 are known (they
are determined by the amounts of elongation in the first two cycles). In order to complete
the description of this loading process, one merely needs to note from eqn (20) that when
the phase boundary is at some general location x = 05, the elongation is given by

(26)

Figure 6 may now be constructed, for the loading stage of the third cycle, as follows:
(a) the entire bar first consists of austenite and eqn (26) holds with s = O. This is valid for
values of stress less than that given by eqn (23). (b) During the second stage we have
o< s < L] in eqn (26) and the stress remains constant at the value give by eqn (23). (c)
During the next stage we have s = L j (eqn 26) and the stress increases from the value given
in eqn (23) to that in eqn (24). (d) In the fourth stage we have L] < s < L 2 in eqn (26) and
the stress remains at the value given by eqn (24). (e) In the fifth stage, s = L 2 in eqn (26)
and the stress increases from the value given in eqn (24) to that in eqn (25), etc.

(iii) We now turn to a different simulation. Consider cyclic mechanical loading at a
fixed temperature 8, similar to that discussed at the beginning of this section, but now with
a loading amplitude which varies from compression to tension. We first discuss the response
heuristically. The stress-elongation response, at least for sufficiently high temperatures, will
consist of a combination of the tensile and compressive hysteresis loops shown in Fig.
5(a, b), leading to a response similar to that shown in Fig. 7(a). As the number of load
cycles increase, the upper hysteresis loop drifts downwards and the lower loop drifts
upwards (recall discussion pertaining to Fig. 5). Thus, in particular, the vertical separation
between the two lower plateaus of the two hysteresis loops decreases as the number of
cycles increases and likewise, so does the distance between the two upper plateaus. Eventu­
ally, under suitable conditions, these plateaus will coincide and the response will look like
that shown in Fig. 7(b), where the transformation is now between the two variants of
martensite, and does not involve austenite. From hereon there is no A -> M± trans-

+
formation, and so the internal variables ndo not change their values and thus the response
no longer changes.

We now consider this more carefully. The loading path in the 8, O"-plane of Fig. 4 is a
vertical line through (8,0) with its two end points in the M- and M+ regions. Suppose that
8 > 8T [l +O"crYT/(2PAT)]; the right hand side of this inequality denotes the temperature
associated with the point at which the M- -> A and M- -> M+ nucleation lines intersect in
Fig. 4(a). Then, at least in the first cycle, Fig. 4(a) implies that the bar goes from M- to A
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(a) Response in first cycle

cr

o

(b) Response after a number of cycles

Fig. 7. Cyclic loading involving tensile and compressive stress.

to M+ during loading and from M+ to A to M- on unloading. Figure 7(a) shows the
corresponding stress--elongation hysteresis loops; the tensile loop is described by eqns (19)­
(22) with n = I, with similar formulas describing the compressive loop. At the end of each
complete loading-unloading cycle, one has ~ = nand this (common value) increases with
each cycle. Thus, the nucleation lines in Fig. 4 progressively translate to the right and in
particular, so does the point of intersection of the M- --> A and M- --> M+ nucleation
lines. The nucleation diagram for subsequent cycles is the one shown in Fig. 4(b). If
fJ/fJT < 1+ rIcr'1h/(2pAT) + YTL( 00 )/(P)'T) , then after N cycles, the point at which the M- --> A
and M- --> M+ nucleation lines intersect will reach the vertical line fJ = constant. When
this happens, the loading path fJ = constant no longer encounters the austenitic region, and
so the bar transforms directly between M+ and M-. The number of cycles N at which this
happens is given by the root of the equation fJ/fJT = I +rIcrYT/(2pAT) +YTL(N)/(pAT)' Figure
7(b) shows the stress--elongation hysteresis loop for n ~ N. The stress plateaus here are
given by eqn (16) with n = N. As noted previously, since the austenite-martensite transitions
have ceased to occur, the values of ~ and ndo not change further, and the nucleation
diagram and the associated stress--elongation hysteresis loop do not alter with continued
cycling for n ~ N.

It is interesting to note that in Au-Cd shape-memory alloys, Lieberman et al. (1975)
have observed that the stress-elongation hysteresis behavior changes from that shown in
Fig. 7(a) to that shown in Fig. 7(b) after cycling through many cycles. The reason underlying
this phenomenon is the so-called "shift-relaxation" microscopic mechanism which has
recently been analyzed by Bhattacharya et al. (1996).
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Fig. 8. Thermal loading under constant tensile stress: temperature--elongation loops.

(iv) We turn next to thermal cycling at, say, a constant tensile stress a. The loading
path in Fig. 4 is now a segment of the horizontal line a = constant. According to our
model, the response of the specimen in the nth -cycle is characterized as follows: from eqn
(2a), when the bar consists entirely of austenite

(27)

by eqns (7a), (11), (16a) and (17), the transformation from A -+ M+ occurs at the constant
temperature.

'YT(}T
(} = M s+ --j[a+I:(n)];

PAT

byeqn (2b), when the bar consists entirely of martensite one has

(28)

(29)

and by eqns (7b), (11), (16a) and (17), the reverse transformation from M+ -+ A occurs at

'YT(}T
(} = As + -,- [0'+ I:(n)],

PAT
(30)

where As and M s were defined in eqn (11). Figure 8 shows the temperature-elongation
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hysteresis loops for the first four cycles of such a loading program. Equations (28) and (30)
describe the lower and upper plateaus of the hysteresis loop. The loop drifts upwards as n
increases. A response similar to this has been observed in experiments, (Tobushi et al.,
1991 ).

(v). Finally we consider the two-way shape-memory effect using our constitutive
model. Consider a virgin specimen of austenite and suppose that it is subjected to thermal
cycling at zero stress. From Fig. 4(a), the description of nucleation sites at the beginning
of this section, and the kinetic relation (17), we conclude that, in the first cycle, the phases
M+ and M- are nucleated simultaneously at the two ends of the bar when e= M s ; the two
resulting phase boundaries then move with equal speed towards the midpoint of the bar.
Since the transformation strain of M+ is +YT and that of M- is - YT, and since at all
instants the bar consists of equal amounts of M+ and M- , the bar does not change length

+ -
due to transformation. In subsequent cycles, one always has n = n and, therefore, from
Fig. 4(b) we see that the scenario of the first cycle continues to be true. Thus, the only
length change during thermal cycling at zero stress is small and due to the coefficient of
thermal expansion; a graph of elongation versus temperature is a straight-line of slope
1/(oL).

Suppose now, that before subjecting the above bar to thermal cycling, it was first
subjected to mechanical tensile cycling at a constant (and suitable value of) temperature.
The A~M+ transformation that occurs during the mechanical cycling increases the value
of ~ while nremains zero. After such mechanical cycling ("training") the relevant nucleation
diagram is Fig. 4(c). If the bar is now subjected to thermal cycling at zero stress, we see
from this figure that the transformation that occurs is A~M+ (rather than A~ a mixture
of M+ and M- as it was before training). Therefore, the bar elongates appreciably upon
cooling due to the positive transformation strain +}IT associated with the formation of
M+ ; when the bar is heated, it shortens as M+ goes back to austenite. The response is now
similar to that shown in Fig. 8.

Note from Fig. 4 that, according to our model, there are other ways in which to "train"
a bar in order to induce the two-way shape-memory effect, e.g. by going through thermal
cycling at a constant tensile stress, or by subjecting it to the one-way shape-memory effect
many times; in each of these cases the training causes ~ to increase with no change in n.
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